We present a convenient and effective way to generate a novel phenomenon of trapping, named trap split, in a conventional four-level double-Λ atomic system driven by four femtosecond Laguerre-Gaussian laser pulses. We find that trap split can be always achieved when atoms are trapped by such laser pulses, as compared to Gaussian ones. This feature is enabled by interaction of the atomic system and the LaguerreGaussian laser pulses with zero intensity in the center. A further advantage of using Laguerre-Gaussian laser pulses is the insensitivity to fluctuation in intensity of the lasers in such a way that the separation between traps remains constant. Moreover, it is demonstrated the suggested scheme with Laguerre-Gaussian laser pulses can form optical traps with spatial sizes that are not limited by the wavelength of the laser and can, in principle, become smaller than the wavelength of light. This work would greatly facilitate the trapping and manipulating the particles and generation of trap split. It may also suggest the possibility of extension into new research fields, such as micro-machining and biophysics.
Since Ashkin's seminal work on trapping a particle through the use of radiation forces exerted by a Gaussian laser beam [1] , the optical trapping techniques have been extensively used in physics, biophysics, micro-chemistry, and micro-mechanics to allow trapping and manipulation of neutral atoms, nanoparticles, cells, biological substances, DNA and RNA molecules as well as microsized dielectric particles [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . However, as these techniques are based on the optical gradient force which is dependent on the size of the particle [12] , smaller particles are much more difficult to trap [13, 14] . Enhancement of the gradient force by using the femtosecond (fs) pulses could provide an efficient method to address the issue. During recent years, due to the tremendous technological advancement in the generation of fs lasers, there has been a resurgence of interest in this field [15] [16] [17] and the optical trapping technologies have been further developed [18] [19] [20] [21] [22] . Tamai et al. reported the feasibility of achieving stable laser trapping of water-soluble CdTe quantum dots by using a high repetition-rate picosecond Nd:YLF laser with two orders of magnitude lower than that used in continuous wave laser trapping [19] . Not only does fs laser lead to efficient trapping [18, 19] , but also it results in discoveries of novel physical phenomena including the deposition of nanostructured CdS films [20] and controlling the direction of the scattered nanoparticles [22] .
Recently, Okamoto's group observed the stable trapping of 60-nm gold nanoparticles when they are trapped by the fs laser pulses. They have discovered a new trapping phenomenon due to the nonlinear optical effect in which the stable trap site splits into two positions, as the incident peak-laser power approaches a threshold level, named trap split [9] . More recently, Chakraborty and Sarma have shown how to control optical trap potential (OTP) in an N-type four level atomic system by tuning the beam waist of the chirped fs Gaussian pulses and the detuning frequency [23] . They have shown that the potential splits with increasing the Rabi frequency, a behavior analogous to that in trapping of nonparticles with fs pulses observed in Okamoto's study. However, this method is not proper for a variety of tasks, especially for biological samples in which increasing of the laser radiation intensity may result in damage. In a recent paper by two authors of the current paper (S. H. Kazemi and M. Mahmoudi), OTP was studied in a four-level double-Λ closed-loop atomic system in multiphoton resonance condition and, more specifically, they found that the OTP splits into two positions, through the special switching of the relative phase of applied fields [24] . It may be noted that, there has been some work on the Bose gases in a split trap. In 2003, Busch and Huyet investigated low-density, one-dimensional quantum gases in a split trap. By calculating many-body wave-functions, it was shown that by increasing strength of the splitting potential, a central notch in ground-state density gets deeper [25] . To our knowledge, none of the previous studies on trap split have provided the possibility to permanently generate trap split, although the various parameters have been used to control this emerging behaviour, such as initial conditions of atoms, relative phase, strength of potential, frequency and intensity of the applied fields. As this phenomenon in the previous works has occurred for limited set of those parameters, the results dramatically emphasize the needs for alternative or additional parameters to readily generate trap split.
On the other hand, much of the previous literature on the topic has assumed plane-wave or Gaussian modes, although the use of Laguerre-Gaussian (LG) light beams [26, 27] , having a doughnut-shaped intensity distribution and zero intensity at the beam center, induced new interest [28] [29] [30] [31] , especially in optical trapping [32] . For example, LG beams have given birth to various excellent applications such as rotating trapped microscopic particles [33] and singular optical lattice generation [34] .
In the present paper, we investigate the OTP in a four-level double-Λ type system by using fs LG 1 0 pulses and exploit the fact that the trap split always occurs using the LG pulses which may hold great promise for practical applications in trapping and manipulating the particles. We must reiterate the importance of the fact that trap split can be always achieved, while above studies involving the trapping of atoms by fs laser pulses, mainly concentrated on controlling this phenomenon.
Following the Ref. [24] , where a scheme to control the OTP in a closed-loop atomic system was proposed, we consider a four-level double-Λ type system interacting with four coherent few-cycle pulse laser fields, whose level structure consists of two metastable lower states |1 and |2 plus two excited states |3 and |4 . It should be noted that this model is the scheme that allows for a closed laser-field interaction loop in which optical properties of the medium could be controlled by the phases of the laser fields [35] . All of the allowed electric dipole transitions, i.e., |1 − |3 , |2 − |3 , |2 − |4 and |1 − |4 are driven by the laser fields.
The electric field of the collimated linearly polarized laser beam interacting between |i and |j is defined as
where A ij (r, t) is the space and time dependent field amplitude vector and ω ij and φ ij refer to the carrier frequency and the absolute phase of the pulse with the index i, j being labelled four fields. Moreover, ω Dij = k ij . v is the frequency detuning due to the translational motion with the wave vector of the corresponding electric field k ij . We now assume that the field amplitude has either a Gaussian profile or an LG 1 0 one; For the Gaussian profile, we have A ij (r, t) =ê ij E 0G exp −r 2 /w 2 − t 2 /τ 2 with w, τ andê ij being beam waist, temporal width of the pulse and unit polarization vector, respectively. We also simplify the notation E 0ijG to E 0G . Laguerre-Gaussian beam (LG l p ) defines a solution of the paraxial wave function in a cylindrical coordinate which its indices l and p are the 2/8 number of times the phase completes 2π on a closed loop around the axis of propagation and the number of radial node for radius r > 0, respectively [26] . In this paper, we use an
and we will present the results for incident nonvortex LG laser pulses with vanishing azimuthal number. It is worth pointing out that in order to compare the OTP by the LG and Gaussian pulses, it is necessary that the fields have the same total laser power, P = f (r) 2πr dr with f (r) being the beam radius profile function. Throughout the paper, the field amplitudes are chosen in such a way that the fields have the same power. The general expression for a Rabi frequency can be written as g = ( µ. E)/h, where µ and E are the atomic dipole moment of the corresponding transition and peak amplitude of the field, respectively. The Rabi frequency for a Gaussian beam is
. µ)/h as the Rabi frequency constant. Under the dipole and rotating-wave approximations, the Hamiltonian in the interaction picture reads [24] 
Here, ρ lm = |l m|,ρ lm (l, m ∈ {1, ..., 4}) and ∆ ij = ω ij −ω ij denote the corresponding operator in the new reference frame and the detuning of the laser field, respectively. It is interesting to note that the residual time dependence in the system appears only together with the Rabi frequency g 41 . Also, we define the relative phase of the applied fields as
where the multiphoton resonance detuning, wave vector mismatch, and initial phase difference are given respectively by
From the Hamiltonian given by equation (3), the related density matrix equations for considered four-level system can be written as followṡ
iΦ (ρ 44 −ρ 11 ), In equations (6) the overdots stand for the time derivatives, and the remaining equations follow from the constraintsρ lm =ρ * ml and lρ ll = 1. Generally, there are two kinds of interaction force between laser beam and atom, namely, reactive and dissipative forces. The first is due to the exchange of momentum between atoms and the various plane-wave composing the laser field, and the second is related to the absorption and emission of energy [36, 37] . Here, due to the fast laser-atom interaction, we have only reactive force and the optical dipole force that we have driven is conservative. We can now use the Ehrenfest 's theorem [38] and derive the following expression for the transverse component of the optical dipole force and the OTP 
Before we present the numerical results, it is desirable to point out some important considerations. As a realistic example, we consider hyperfine energy levels of 87 Rb [39] . It may be noted that as the scheme is independent of the chosen parameters, it can be easily implemented in current experimental settings. For simplicity, assume that the temporal width of each pulse is given by τ = 20 f s and the Rabi frequencies are equal.
The authors of both related papers in this issue [9, 23] showed that the trap split occurs when the incident laser power or Rabi frequency exceeds a threshold level. Note that trap split in Okamoto's study, is generated when the incident laser power exceeds a threshold level, while in atomic physics, the peak-laser power is related to the so-called Rabi frequency and so we can expect that the laser profile plays a significant role in this emerging phenomenon. In what follows, we will investigate the effect of the laser profile on the OTP. Figure 1 depicts OTP profile subject to the initial population in level |1 for ∆ 31 = ∆ 42 = −2 rad/f s, ∆ 32 = 0, w = 5 µm, Φ = π and v = 100 m/s. Obviously, it can be seen in figure 1 that one can control the trap size by tuning the Rabi frequencies for Gaussian pulses. In addition, when the Rabi frequency exceeds a threshold value, trapping potential splits around the center of the trap which means that we have two minima that atoms could occupy these two positions, yet the splitting does appear in the potential for a very limited set of parameters. These results typically emphasize the needs for research 4/8 into new approaches to readily generate trap split.
As mentioned previously, different controlling methods of the trap split in atomic system via relative phase, frequency and intensity of applied fields were reported. However, to the best of our knowledge, no attempt has yet been made to permanently generate trap split. In the following, we show that the trap split always occurs using the LG 1 0 fs laser pulses. We show this fact in figure 2 , which spatial profile of the OTP is plotted when atoms are trapped by such pulses. Other parameters are the same as in figure 1 . Trap split always occurs even for small values of the Rabi frequencies; a feature that can be understood intuitively from figure 2.
To understand the physics behind this phenomenon, we first point out that the OTP is explicitly dependent on the off-diagonal density matrix elements between relevant transitions: (ρ ij +ρ ji ), i ∈ {1, 2} and j ∈ {3, 4}. For the case of the Gaussian laser pulses, a similar argument to that used in the Okamoto's study [9] , will demonstrate the physics of the trap split. When the Rabi frequencies are lower than the threshold, these elements and therefore the OTP have only one minimum, which appears at r = 0. As the Rabi frequencies exceed a threshold level, on the other hand, the position of the minimal does not appear at the center and the trap position is changed in such a way that splitting can occur. When we use the doughnut pulses, the situation changes; value of the off-diagonal density matrix elements at r = 0 would be zero. As a result, by multiplying this function by the corresponding Rabi frequencies, trap split is generated. Another explanation relates to spatial probability distribution of the levels, which is given in [23] . It may be mentioned once more that here we present the results for incident nonvortex LG laser pulses, as we do not find any relation between the phase factor and the the trap split. Indeed, by recomputing the figures with the phase factor, the same results is obtained and so, throughout the paper, we evaluated the figures with the inclusion of the phase factor.
As can be observed in figure 1 , a prominent feature of traps generated by Gaussian beams is the threshold for the trap split and increasing in the separation between two traps, just above the threshold. For instance, the distance between the traps increases from 4.5 µm for g 0 = 0.9 rad/f s to 5.5 µm for g 0 = 1 rad/f s, while the separation between two traps generated by the LG beams remains unchanged (7.1 µm for the Rabi frequency constants, g ′ 0 , ranging from 0.5 to 1 rad/f s). That is, a significant advantage of the traps produced by LG beams is their insensitivity to fluctuation in intensity of the lasers in such a way that as the Rabi frequencies fluctuate by ±25% around g We then proceed to investigate the effect of the beam waist on the trap size which is determined by the full width at half-maximum (FWHM). Before going to next section, we should give some comments on a few existing works on Bose gases trapped in an annular geometry. In a recent experiment by Corman et al [40] , supercurrents due to temperature quench has been created by using a quasi-two-dimensional Bose gas trapped in annular geometry. Their experiments are performed with a Bose gas of 87 Rb atoms in which the gas is confined using a harmonic potential along the vertical direction and in the plane, the atoms are trapped in box-like potential. By recording the interference pattern, they have observed a significant fraction of spiral patterns which reveals the presence of a phase winding in the wave function of one of the two clouds. While, our goal is to provide both a convenient and an effective way of generating permanently trap split in a simple scheme in such a way that there is no need to bother with the complexity of their setup, cooling, or obtaining low density. In addition, a prominent feature of traps in our work is the insensitivity to fluctuation in intensity of the lasers. Furthermore, experimental observation of our proposed scheme is easily feasible and promotes better trapping: optical traps with spatial scales smaller than wavelength of light. Then, we proceed to compare Alon's discussion on many-body vortices (MBVs) with our scheme to generate trap split. In their study, two different kinds of the MBVs are discussed, which are made of spatially-partitioned clouds, are fragmented and carry definite total angular momentum [41] . The MBVs of the first kind are at global minimum of energy, comprising of bosons carrying the same angular momentum. While the second kind are macroscopically fragmented excited states in which macroscopic fractions of bosons carry different angular momentum. By investigating phase diagram based on the solutions of the Gross-Pitaevskii equation in the inner and the outer parts of the trap, Klaiman and Alon showed that one can predict the parameters where many-body vortices occur. Note that the trap split in their study, which density is spread in the disk and the annulus, relies on the main property of the vortices: angular momentum carried by each particle. However, the orbital angular momentum of the LG beams plays no role in our trap split, as we explicitly mentioned in this paper. In other words, trap split in our suggested scheme occurs for incident nonvortex LG laser pulses. Moreover, apart from complexity of the Bose-Einstein condensate setup, an additional difficulty arises in their approach due to fragmentation; as their suggested system develops fragmentation with increasing barrier's height.
Finally, we envision that the first experimental demonstration of our scheme can be implemented with alkali atoms. As an example, we can consider hyperfine energy levels of 87 Rb; two upper levels, i.e., |4 and |3 correspond, respectively, to the magnetic sublevels |5 2 P 3/2 , F ′ = 3 and |5 2 P 3/2 , F ′ = 1 , while |5 2 S 1/2 , F = 1 and |5 2 S 1/2 , F = 2 are chosen to be the lower states (|1 and |2 ), respectively [39] . We also note that the required ultrashort LG pulses for the experimental observation of our suggested scheme could be generated by a Ti:sapphire oscillator and two computer-generated diffraction gratings [42] .
In summary, we investigated the OTP in a four-level double-Λ atomic system in multiphoton resonance condition that closed-loop interaction is created by applying four fs LG 1 0 laser beams. This scheme provides a convenient and effective way to permanently generate trap split which could open a new door for trapping and manipulating the particles. Another advantage of the scheme is its insensitivity to fluctuation in intensity of the lasers in such a way that the separation between the traps remains constant. Moreover, optical traps with spatial scales smaller than wavelength of light can be created.
